1 Recently, the dual-phase grating based X-ray differential phase contrast imaging technique has shown better radiation dose efficiency performance than the Talbot-Lau system. In this paper, we provide a theoretical analyses framework derived from wave optics to ease the design of such interferometer systems, including the inter-grating distances, the diffraction fringe period, the phase grating periods, and especially the source grating period if a medical grade X-ray tube with large focal spot is utilized.
I. INTRODUCTION
Over the past two decades, the grating-based x-ray interferometry imaging, especially the Talbot-Lau imaging method, has received a huge amount of research interests. In principle, three different images, i.e., the absorption image, the differential phase contrast (DPC) image, and the dark-field (DF) image, with unique contrast mechanism can be generated from the acquired same dataset. Among the above three images, the latter two novel signals are usually considered as complimentary contrast information to the conventional absorption signal. Studies have shown that these two complimentary contrast information may have advancements. For example, the DPC signal, which corresponds to the x-ray refraction information, may have advancements in providing superior contrast sensitivity for certain types of soft tissues [1] [2] [3] [4] [5] [6] . Additionally, the DF signal, which corresponds to the small-anglescattering (SAS) information, is particularly sensitive to certain fine structures such as microcalcifications inside breast tissue [7] [8] [9] [10] [11] .
Aiming at translating such a promising imaging technique into real medical applications, a lot of efforts have been made to overcome the two major potential challenges encountered by the current Talbot-Lau imaging method. The first challenge is the prolonged data acquisition period because of the time consuming phase stepping procedure, and the second challenge is the reduced radiation dose efficiency due to the use of the post-object analyzer grating.
During the past decades, different techniques [12] [13] [14] [15] [16] [17] integrates multiple phase stepping procedure together, by doing so, one is able to achieve single-shot DPC imaging. Overall, these innovations were able to either reduce the number of phase steps significantly, or totally eliminating the mechanical phase stepping procedure to realize single-shot DPC imaging. Therefore, the total data acquisition time can be greatly saved down to the similar level as for the conventional absorption imaging.
To increase the system radiation dose efficiency, recently, experimental studies [18] [19] [20] have tried to replace the analyzer grating by one or two phase gratings. Because the phase gratings absorb less X-ray photons than the analyzer gratings, therefore, the system radiation dose efficiency could be increased by at least two times. For example, Miao et. al. have experimentally demonstrated the advancements of three nanometer phase gratings based far-field X-ray interferometer in both increasing the phase sensitivity and the radiation dose efficiency. Kagias et. al. also have demonstrated the feasibility of using two phase gratings to realize DPC imaging. Despite of such an advantage, however, the requirement of microfocus or mini-focus x-ray sources in the above two pioneering experimental works still hurdles the new techniques' practical application, especially in the medical imaging field. To meet the high tube output flux demand, one really needs to consider a medical grade X-ray tube with relative large focal spot size. However, the use of large focal spot X-ray tube degrades the beam coherence, and could significantly decrease the interferometer performance. One possible solution is to add a source grating in front of the large focal spot source. By doing so, both of the low beam flux problem and the low beam coherence problems can be easily solved. This is known as the Lau effect 21 , and has already been widely used in the current Talbot-Lau interferometer system. Although there had theoretical explanations to the dual phase grating system 19, 22 , to our best knowledge, unfortunately, there has no rigorous theoretical analyses to predict the period of such source grating used for two phase grating interferometer system. Thus, we provide a theoretical analyses framework derived from wave optics to ease the design of a dual-phase grating based interferometer system, for instance, the inter-grating distances, the diffraction fringe period, the phase grating periods, and the source grating period if a large focal spot sized X-ray tube is utilized.
The remains of this paper is organized as following: the section II presents the theoretical analyses foundation, the numerical method, and the experimental method. In the section III, the general representation of the diffraction fringe, the analyzer grating period, fringe visibility, and fringe period are derived. Both numerical validation results and experimental results are presented to verify the theoretical results. We discuss this work in section IV, and finally make a brief conclusion in section V.
II. MATERIALS AND METHODS

A. Theoretical analyses methods
In the theoretical discussion, the assumed imaging geometry is illustrated in Fig. 1 . The distance between the source and the first phase grating is d 1 , the inter-space between the first and second phase grating is d 2 , and the distance between the second grating and the detector (observation plane) is d 3 . The source is assumed as a single slit source:
where σ represents the width of the slit opening. This model is chosen because this study mainly focuses on discussing a dual-phase grating system integrated with a source grating. If a micro-focus X-ray tube is used, Eq. (2.1) can be adapted into a Gaussian shaped function.
The diffraction grating is assumed as a periodic transmission function, denoted as T(x).
Its Fourier expansion is modeled as:
where n represents the diffraction order, and p denotes the grating period. Depending on the diffraction order of n, the coefficient a n will have different values. By default, the phase gratings are with duty cycle of 0.5. For simplicity, this work only considers two 1D gratings.
Nevertheless, this theoretical analysis framework is also capable of dealing with 2D gratings.
In this work, the standard Kirchhoff's diffraction theory 23 is used to facilitate the theoretical analyses of the wave propagation procedure, namely,
where U(x) denotes the expected X-ray field disturbance at location (x), U 0 is the amplitude of the initial disturbance, S(ξ) represents the generalized X-ray source defined in Eq. (2.1), λ denotes the X-ray wavelength, and z is along the wave propagation direction. Essentially, the wave propagation described by Eq. 2.3 corresponds to a 1D convolution procedure.
B. Numerical simulation methods
To quantitatively demonstrate the theoretical results, numerical simulations are performed in Matlab (The MathWorks Inc., Natick, MA, USA) to investigate the fringe period 
C. Experiments
Experimental validations were performed on an in-house X-ray interferometry bench.
The system includes a rotating-anode Tungsten target medical grade diagnostic X-ray tube grating is set to six, with a stepping interval of 4.00 µm.
With the same grating setup, another validation experiment was also performed by interchanging the X-ray focal spot position and the detector position, see Fig. 2(b) . In particular, the Varex G242 tube was replaced by an X-ray micro-focus tube (UltraBright 96000, Oxford
Instruments, CA, USA) with 80.00µm focal spot size.
III. RESULTS
A. Theoretical results
Intensity of diffraction pattern
As a result, according to the Eq. (2.3), the X-ray field intensity at the detector plane is expressed as:
where p 1 and p 2 corresponds to the period of the first and second phase grating, s, r denotes their diffraction order correspondingly, φ 1 and φ 2 are the X-ray wave-front phase shifts induced on the two phase gratings, p del corresponds to the dimension of detector element,
x s denotes the x-coordinate of the source plane, x 3 denotes the x-coordinate of the detector plane. In this paper, we focus on discussing the two π − π phase gratings based X-ray interferometer, i.e., φ 1 = π and φ 2 = π. Hence 25,26 ,
and
Substituting Eq. (3.2) and Eq. (3.3) back into Eq. (3.1), and further assuming only the lowest order, i.e., s = −2 and r = 2, or s = 2 and r = −2, dominates the contribution to the detectable diffraction fringe, the following equation can be derived:
Geometrically magnified grating image
FIG . 3 . Illustration of the virtual image plane, which ensures that the periods of the geometrically magnified image of G 1 (when x-ray emitted from the source on the left) and G 2 (when x-ray emitted from the virtual source on the right) are identical.
Geometrical interpretation
In one of the previous studies and G 2 (when x-ray emitted from the virtual source) are identical, namely,
Essentially, the above assumption is made based on the principle of optical reversibility, which presupposes that the attenuation of a light ray during its passage through an optical medium because of reflection, refraction, and absorption is not affected by a reversal of the direction of the ray. From Eq. (3.5), both R 1 and R 2 can be obtained as below:
which could be considered an analogue to the thin lens equation. Herein, f 1 and f 2 are the focal length of the G 1 and G 2 grating, correspondingly. If the X-ray beams propagate from left to right, see Fig. 3 , then d 1 is the object distance, and R 1 is the image distance.
Regarding to the G 2 grating, whereas, R 2 is the object distance, and d 3 is the image distance.
Therefore, Eq. (3.4) can be simplified into
(3.10)
Fringe visibility
From Eq. (3.10), the derived fringe visibility, denoted as ǫ, is found to be:
In Eq. (3.11), the first two sine functions are oscillated terms, the third and fourth terms can be considered as two slowly decayed terms (this is true especially for their main lobes).
Therefore, locally optimal visibility can be achieved whenever the two sine functions reach their maximum or minimum values, namely,
Notice that the source size σ and the detector element size p del are presumed to be fixed during these analyses. Interestingly, these optimal focal length f 
(3.15)
Periods of source grating and fringe
Based on Eq. (3.10), the pattern period on the source plane is found to be:
where p 0 corresponds to the source grating period when a medical grade diagnostic X-ray tube is utilized. In addition, the fringe period p f on the detector plane is equal to:
Combining the above two equations, one can readily get
Clearly, if the two phase gratings have identical periods, i.e., p 1 = p 2 , the detected fringe period should be equal to the source grating period, i.e., p f = p 0 . To ease the fringe detection, in reality, one might want the diffraction fringe has a larger period than the source grating period, i.e., p f > p 0 , therefore, p 1 < p 2 should be satisfied. In other words, the G 1 grating should have a smaller period than the G 2 grating. Whenever such grating designs are used, in this paper we call it asymmetric dual-phase grating interferometer system. If the fringe period goes to infinite, then the three gratings should satisfy the following relationship,
Key parameter predictions
By far, we have established a theoretical framework to predict all the key parameters needed by a dual-phase grating interferometer system. The Fig. 4 summarized one example to perform such parameter estimations. Herein, we assume the already known parameters are the wavelength of the mean energy X-ray beam, the periods of the two phase gratings, and the expected period of the diffraction fringe. Following these calculations, the interspace length, i.e., d 1 , d 2 , d 3 , and the source grating period p 0 can all be obtained readily. If other parameters are known in prior, in principle, the rest parameters can also be predicted using our theory.
Flowchart to estimate the key parameters of a dual-phase grating interferometer system when λ, p 1 , p 2 , and p f are known in prior.
B. Numerical simulation results
Numerical simulation results are shown in 
C. Experimental results
Experimental results of the illustrated two system setups in Fig. 2(a)-(b) are presented in Fig. 6 and Fig. 7 , correspondingly. For system setup in Fig. 2(a) , the detected fringe period is about 73.50µm, with fringe visibility around 8%. The experimental results agree well with the numerical simulation results shown in Fig. 5 . For system setup in Fig. 2(b) , the detected Moiré fringe period is about 4.25mm, with fringe visibility close to 3%. The drop of this detected fringe visibility is mainly due to the relatively large focal spot size (80.00µm) of our aged microfocus tube. Fig. 2(a) . Image on the left corresponds to the detected fringes, and the plot on the right hand side represents the line profile of the fringe. In this case, the effective pixel dimension along the horizontal direction is 14.70µm.
IV. DISCUSSION
In order to realize clinical X-ray dual-phase grating differential phase contrast imaging, a source grating is usually needed to increase the beam coherence of a diagnostic grade Xray source with large focal spot size. However, previous experimental work and theoretical FIG. 7 . Experimental results of system setup in Fig. 2(b) . Image on the left corresponds to the detected fringes, and the plot on the right hand side represents the line profile of the fringe. In this case, the effective pixel dimension along the horizontal direction is 85.00µm.
work did not provide sufficient proofs in estimating the period of the source grating. To overcome this problem, we established a theoretical analyses framework based on X-ray wave optics. Not only being able to predict the source grating period, this theoretical framework is also capable of estimating other parameters needed by a dual-phase grating interferometer system, for example, the inter-grating distances, the diffraction fringe period, and the phase grating periods.
In principle, the two phase gratings can be designed to have any period if there is no source grating added. However, when a source grating is used, our theory indicates that asymmetric dual-phase grating interferometer should be a better choice in generating diffraction fringes with large period. Herein, asymmetric means that the two phase gratings have different grating periods. Specifically, the period of the G 1 grating should slightly less than the period of the G 2 grating, assuming that the X-ray beam passes through the G 1 grating first.
Under such condition, one is able to manipulate the period of the formed diffraction fringe to be detectable by a certain detector. If the G 1 and G 2 gratings have identical periods, the formed diffraction fringe should always have identical period as of the source grating. This might not always good for practical applications because source grating with small period (< 30µm) ensures high tube output usage efficiency, however, such small fringe period (< 30µm) obviously does not ease its detection by normal flat panel detector. Therefore, asymmetric grating design helps to make a trade-off between the tube output usage efficiency and the fringe period.
In our theory, the period of the source grating and the period of the diffraction fringe could be treated as two counterparts. Without specifying the X-ray beam propagation direction, it is hard to distinguish them from the derived formula, see Eq. (3.1) and Eq. (3.4) . Upon such observation, we believe this implies an inherent optical symmetry of a grating based X-ray interferometer. Thus, for the first time we are able to explain the dual-phase grating imaging theory via a geometrical approach, which is similar to the standard lens imaging theory. With this new scenario, the two phase gratings are considered as two thin convex lens. As a result, an image of the X-ray source (arrayed or single) is formed at the R 1 distance downstream of the G 1 grating, and it is imaged again by the G 2 grating to form the final image (diffraction fringe) on the detector plane. In general, the distance between G 1 and G 2 gratings can be arbitrary. However, certain conditions need to be satisfied to generate diffraction patterns with maximal fringe visibility. Our studies demonstrate that this happens when the defined effective optical lengths of G 1 and G 2 gratings are equal to their Talbot self-image distances. When the first ordered Talbot self-image distances are selected, the dual-phase grating interferometer system will have the most compact geometry.
If the inter-distance between the G 1 and G 2 gratings does not satisfy the derived optimal conditions, see Eq. (3.14) and Eq. (3.15), both the f 1 and f 2 values should be adapted correspondingly according to Eq. (3.8) and Eq. (3.9). For this case, the ultimate fringe visibility will be degraded.
Ideally, the fringes generated from the two experiments shown in Fig. 2 should have similar visibility, however, our results did not obtain the similar fringe visibility for the two experiments. Such mismatch is mainly caused by the large focal spot size (80.00µm) of our aged Oxford microfocus tube, whose initial focal spot size is 20.00µm and has been used for ten years.
This study has several limitations: first, we only focused on the π − π dual-phase grating system, and results for the dual-phase grating system are not presented in this paper.
However, results for the latter system settings should be able to be derived readily, and similar conclusions can also be obtained. Second, no quantitative results have obtained for the system sensitivity in current theoretical framework, and this would be investigated in future. As can be expected, the system design and optimization should take the interferometer sensitivity factor into consideration as well.
V. CONCLUSION
In conclusion, in this paper we provide a theoretical analysis framework based on wave optics to precisely predict the key parameters of a dual-phase grating interferometer, particularly the period of the source grating when a medical grade X-ray tube with large focal spot is used. Similar to the thin lens imaging, we also provide a geometrical explanation to the obtained dual-phase grating imaging theory. The high agreements between the numerical and experimental studies demonstrate the correctness of the theory. 
APPENDIX
Using Eq. (2.2) and Eq. (2.3), the X-ray wave field disturbance right before the G 1 grating is obtained as following:
where (x s , y s ) denotes the source coordinates. Afterwards, the X-ray field interacts with G 1 grating via
Then, the X-ray field reaches the G 2 grating with field disturbance of .
(5.5) Therefore, the beam intensity can be expressed as: .
where φ 1 and φ 2 denotes the phase shift on G 1 and G 2 grating correspondingly.
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